Abstract. Krivine and Maurey proved in 1981 that every stable Banach space contains almost isometric copies of ℓp, for some p P r1, 8q. In 1983, Raynaud showed that if a Banach space uniformly embeds into a superstable Banach space, then X must contain an isomorphic copy of ℓp, for some p P r1, 8q. In these notes, we show that if a Banach space coarsely embeds into a superstable Banach space, then X has a spreading model isomorphic to ℓp, for some p P r1, 8q. In particular, we obtain that there exist reflexive Banach spaces which do not coarsely embed into any superstable Banach space.
1. Introduction. [A, Theorem 1.1] , that every infinite-dimensional subspace of L 1 contains an isomorphic copy of ℓ p , for some p P r1, 8q. In order to generalize Aldous's result, J. Krivine and B. Maurey introduced the notion of stable Banach space in [KM] . To the authors' knowledge, stability was defined for general metric spaces by D. J. H. Garling [G] . A metric space pM, dq is called stable if i"1 and py j q 8 j"1 in M , and all nonprincipal ultrafilters U and V over N. A Banach space X is called stable if pX, }¨´¨}q is stable as a metric space. As L p is stable for all p P r1, 8q (see [KM, Theorem II.2] ), the following is a generalization of Aldous's result (see [KM, Theorem IV.1] ). Theorem 1.1. (J. Krivine and B. Maurey, 1981 ) Let X be a stable Banach space. There exists p P r1, 8q such that X contains a p1`εq-isomorphic copy of ℓ p , for all ǫ ą 0.
D. J. Aldous showed in
In order to prove the theorem above, Krivine and Maurey looked at types on a stable Banach space X, i.e., functions σ a : X Ñ R given by σ a pxq " }x`a}, where a is an element of some ultrapower of X. In [KM] , the authors showed that every stable Banach space must contain what was called an ℓ p -type, which results in the existence of almost isometric copies of ℓ p inside X, for some p P r1, 8q.
As shown in [R] , Krivine and Maurey's result can be extended to the nonlinear setting as follows. Let pM, dq and pN, Bq be metric spaces, f : M Ñ N be a map, and define (1.1) ω f ptq " suptBpf pxq, f pyqq | dpx, yq ď tu and (1.2) ρ f ptq " inftBpf pxq, f pyqq | dpx, yq ě tu for all t ě 0. We say that f is a uniform embedding if lim tÑ0`ωf ptq " 0 (i.e., if f is uniformly continuous) and ρ f ptq ą 0, for all t ą 0 (i.e., if f´1 exists and is uniformly continuous). We say that f is a uniform equivalence if f is a uniform embedding and f is surjective. We say that a Banach space X is superstable if every Banach space which is finitely representable in X is also stable. Raynaud proved the following in [R] (see the corollary on page 34 of [R] Raynaud's proof is also based on analyzing a space of types over the Banach space X. Precisely, the author shows that if X uniformly embeds into a superstable Banach space, then there exists a translation-invariant stable metric d on X uniformly equivalent to the metric induced by the norm. A metric d defined for a Banach space X is called translation-invariant if dpx, yq " dpx´y, 0q for all x, y P X. Two metrics d and B defined for the same set M are called uniformly equivalent if the identity map Id : pM, dq Ñ pM, Bq is a uniform equivalence. Assuming pX, }¨}q is separable, once one has a translation-invariant stable metric d on X uniformly equivalent to the norm, it is possible to define a space of types for pX, dq similarly to the type space defined by Krivine and Maurey. Raynaud shows that the type space of pX, dq must contain a so-called ℓ p -type, for some p P r1, 8q, which implies the existence of an isomorphic copy of ℓ p inside pX, }¨}q, for some p P r1, 8q. For more on stability and types on Banach spaces see [G] , [G-D] , [HM] and [I] .
The interest in Banach spaces as metric spaces and their nonlinear geometric properties has recently increased significantly, hence the question whether analogues of Raynaud's result hold for different kinds of nonlinear embeddings other than uniform embeddings becomes natural. Given metric spaces pM, dq and pN, Bq, and a map f : M Ñ N , we say that f is expanding if lim tÑ8 ρ f ptq " 8 and coarse if ω f ptq ă 8, for all t ě 0. We say that f is a coarse embedding if f is both coarse and expanding. In this context, N. Kalton asked the following in [K, Problem 6.6 ]. Problem 1.3. Assume that a Banach space X coarsely embeds into a superstable Banach space. Does it follow that X contains an isomorphic copy of ℓ p , for some p P r1, 8q?
Although we were not able to obtain an answer to Kalton's problem, we obtain the following result in these notes. Theorem 1.4. If a Banach space X coarsely embeds into a superstable Banach space, then X has a basic sequence with an associated spreading model isomorphic to ℓ p , for some p P r1, 8q.
N. Kalton proved in [K, Theorem 2.1] , that any stable metric space embeds into some reflexive Banach space by a map which is both a uniform and a coarse embedding. In the same paper, Kalton asked if the converse of this result also holds. Precisely, the following is open (see [K, Problem 6 .1]). Problem 1.5. Does every (separable) reflexive Banach space embed coarsely (resp. uniformly) into a stable space? By Raynaud's result, it is clear that there are separable reflexive spaces which do not uniformly embed into superstable spaces. However, to the best of our knowledge, it was unknown whether every reflexive Banach space coarsely embeds into a superstable Banach space. As a corollary of Theorem 1.4, we obtain the following.
Corollary 1.6. There are separable reflexive Banach spaces which do not coarsely embed into any superstable Banach space.
We now describe the organization of this paper. In Section 2, we give all the background needed for these notes. Also in Subsection 2.3, we prove Lemma 2.2, which will be essential in the proof of our main theorem. In Section 3, we show that if ϕ : X Ñ Y is a coarse map, then, by substituting Y with an ultrapower of ℓ 1 pY q, we may assume that }ϕpxq´ϕpyq} " }ϕpx´yq}, for all x, y P X (see Theorem 3.1). This result allows us to obtain a translation-invariant (pseudo)metric d on X such that ρ ϕ ptq ď ρ Id ptq and ω Id ptq ď ω ϕ ptq for all t ě 0, where Id : pX, }¨}q Ñ pX, dq is the identity map. This will play a fundamental role in our definition of the type space. Still in Section 3, we discuss the concepts of some weaker kinds of nonlinear embeddings (i.e., weakenings of uniform and coarse embeddings) and give a condition for the existence of a uniform embedding of the unit ball of a Banach space into a superstable Banach space (see Theorem 3.5). We finish this section with an open problem regarding these weaker notions of nonlinear embeddings (see Problem 3.7).
In Section 4, we define the type space which we will deal with in these notes, define the operations of dilation and convolution in this type space, and prove some basic properties of it. Section 5, Section 6 and Section 7 are quite technical and will provide us with all the tools needed to prove Theorem 1.4. Finally, in Section 8, we conclude the proof of Theorem 1.4.
Preliminaries.
In these notes, we let N " tnu 8 n"1 and N 0 " t0u Y N. The Banach space notation used in these notes is standard, and we refer the reader to [AK] for more on that. For instance, we denote the closed unit ball of a Banach space X by B X . Also, given p P r1, 8q and x " px i q
We define stability for metric spaces and superstability for Banach spaces as in Section 1. By [KM, Theorem II.1] and [R, Theorem 0 .1], both stability and superstability are closed under taking ℓ p -sums, for p P r1, 8q. Precisely, given p P r1, 8q, if X is stable (resp. superstable) Banach space, then ℓ p pXq is also stable (resp. superstable). We will be using this property without mention in these notes. In particular, ℓ p is superstable for every p P r1, 8q. Note however that c 0 is not even coarsely or uniformly embeddable into a stable metric space (see [K] ).
We say that pM, dq is a pseudometric space if d : XˆX Ñ R`is a pseudometric, i.e., if d is a symmetric map satisfying the triangular inequality. We define stability for pseudometric spaces analogously to stability for metric spaces.
Given pseudometric spaces pM, dq, pN, Bq and a map f : M Ñ N , we define ω f and ρ f by the formulas given in Equation 1.1 and Equation 1.2, and define uniform and coarse embeddings analogously to the definitions in Section 1. We say that f is a coarse equivalence if f is a coarse embedding and f is cobounded, i.e., sup yPN Bpy, f pMă 8. Two pseudometrics d and B defined for the same set M are called coarsely equivalent if the identity map Id : pM, dq Ñ pM, Bq is a coarse equivalence.
2.1. Spreading models. Let X be a Banach space and px n q 8 n"1 be a bounded sequence without Cauchy subsequences, and let U be a nonprincipal ultrafilter on N. Then there exists a Banach space pS, |||¨|||q containing X and a sequence pζ n q 8 n"1 in S which is linearly independent of X such that, for all y P X, and all α 1 , . . . , α k P R, we havěˇˇˇˇˇˇˇˇy`k
Without loss of generality, S " X ' spantζ n | n P Nu (see [G-D] , Chapter 2, Section 2, for a proof of this fact). The space spantζ n | n P Nu is called a spreading model of px n q 8 n"1 and the sequence pζ n q 8 n"1 is called the fundamental sequence of spantζ n | n P Nu. If X is separable, then by going to a subsequence of px n q 8 n"1 if necessary, we may assume that for every ǫ ą 0, there is N P N such thaťˇˇˇˇˇˇˇˇˇˇˇˇˇy`k
n"1 of a spreading model is 1-spreading, i.e., pζ n q 8 n"1 is 1-equivalent to all of its subsequences. Also, the sequence pξ n q 8 n"1 is 1-sign unconditional, where ξ n " ζ 2n´1´ζ2n , for all n P N (see Proposition II.3.3] ). We refer to [AT] , [BzL] , and [G-D] for the theory of spreading models.
2.2. Ultrapowers. Let X be a Banach space, I be an index set, and U be a nonprincipal ultrafilter on I. We define
where
is a Banach space with norm }x} " lim i,U }x i }, where px i q iPI is a representative of the class x P X I {U. By abuse of notation, we will not distinguish between px i q iPI and its equivalence class. The space X I {U is called an ultrapower of X. Every ultrapower X I {U of a Banach space X is finitely representable in X (see [AK, Proposition 11.1.12(i)] ). On the other hand, if a separable Banach space Y is finitely representable in X, then Y is isometrically isomorphically embeddable into some ultrapower of X (see [AK, Proposition 11.1.12(ii)] Proof. For each n P N, let tx n,i u
for every x P X. Note that g n,i is continuous and given x P X, g n,i ae B δ{2 pxq is a nonzero function for some but only finitely many i P N. Thus the function h n,i :"
for every px, yq P XˆY and note that f n is itself continuous by the separate continuity of f and the observation on g n,i ae B δ{2 pxq . The sequence pf n q 8 n"1 converges pointwise to f . Indeed, take any px, yq P XˆY and any ε ą 0. Let N P N be such that |f px, yq´f px 1 , yq| ă ε when dpx,
Given a set X and a family F of functions from XˆX to X, define the sequencè
of subsets of X X recursively by
The following lemma will give us Lemma 5.5 below, which is essential for the proof of Theorem 1.4. Lemma 2.2. Let X be a separable metric space and F a countable family of Baire class 1 functions from XˆX to X. There is a comeager
Since F is a countable family of Baire class 1 functions with separable codomain X, there is a comeager G δ subset F g of Γ g such that f ae Γg is continuous on F g for all f P F . Let π : XˆX Ñ X be the first coordinate projection. Consider U " Γ g X VˆW , where V, W are open subsets of X; and suppose x P πpU q, so that px, gpxqq P U .
As W is open and gpxq P W , there is r 1 ą 0 such that B r1 pgpxqq Ď W . Since g is continuous on E k , there is r 2 ą 0 such that gpB r2 pxq X E k q Ď B r1 pgpxqq. Thus pV X B r2 pxqq X E k is an open neighborhood of x in E k contained in πpU q. Since x P πpU q was arbitrary, πpU q is open in E k . And U was an arbitrary element in a basis for the topology on
Since F rks is countable, E k`1 is a comeager G δ subset of E k , and therefore also of X, since E k is a comeager G δ subset of X. Now take any g P F rk`1s . Then there is f P F and g 1 P F rks such that gpxq " f px, g 1 pxqq for all x P X. And if x P E k`1 , then by construction x is a point of continuity for g 1 and px, g 1 pxqq is a point of continuity for f ae Γ g 1 . Therefore x is a point of continuity for g. Thus, we have constructed a comeager G δ subset E k`1 of E k such that g is continuous on E k`1 for all g P F rk`1s . And so we can recursively define such E k for all k P N. The result follows by taking E "
3. Making coarse maps "invariant".
In this section, we use Markov-Kakutani's fixed-point theorem to show that coarse embeddings may be modified and made more "tamed" if we allow ourselves to substitute its codomain by an ultrapower of the ℓ 1 -sum of the original space. Precisely, we have the following. Proof. Let
We consider C as a subset of R XˆX with its pointwise convergence topology. By the assumption that f is coarse and Tychonoff's theorem, C is compact. We denote elements of C by Dpx, yq. Let d : XˆX Ñ R be given by dpx, yq " }f pxq´f pyq}, for all x, y P X. So, d P C.
For each z P X, defineẑ : 
As sup iPI }F i pxq} ℓ1pY q ď ω f p}x}q, for all x P X, the map F is well-defined. By the definition of the norm on ℓ 1 pY q I {U, we have that
for all x, y P X. Therefore, as Dpx, yq " Dpx´y, 0q, for all x, y P X, and F p0q " 0, we are done. Proof. Let F : X Ñ ℓ 1 pY q I {U be obtained from Theorem 3.1 applied to f . Define a map d : XˆX Ñ R`by setting dpx, yq " }F pxq´F pyq} for all x, y P X. It can easily be seen that d is a translation-invariant pseudometric on X and that ρ f p}x´y}q ď dpx, yq ď ω f p}x´y}q for all x, y P X. Also, as F is coarse and ℓ 1 pY q I {U is stable, it follows that d is a stable metric.
The corollary above is the analogous version of [R, Theorem 0 .2] to our setting. In [R, Theorem 0 .2], Raynaud proved that if a Banach space X uniformly embeds into a superstable Banach space Y , then X has a translation-invariant stable metric which is uniformly equivalent to X's norm. However, Raynaud's proof relies on an averaging process which relies on the emebedding f : X Ñ Y being uniformly continuous. By using Markov-Kakutani's fixed-point theorem, we are able to overcome that. Clearly, Corollary 3.2 implies [R, Theorem 0.2] .
Remark 3.3. Although this will not be needed for the main result in these notes, Corollary 3.2 can actually be improved to show the existence of a coarsely equivalent translation-invariant stable metric on X. Indeed, it has been shown by the first named author (see [Br, Theorem 1.6] ) that if X and Y are Banach spaces and f : X Ñ Y is a coarse embedding, then there is a coarse embeddingf : X Ñ ℓ 1 pY q with uniformly continuous inverse (meaning ρf ptq ą 0 whenever t ą 0). Thus, the same proof as in Corollary 3.2 with ℓ 1 pY q replacing Y andf replacing f will yield that Id : pX, }¨}q Ñ pX, dq is a coarse embedding with uniformly continuous inverse. In particular, d is a metric.
Although Kalton proved that there exist separable Banach spaces which are coarsely equivalent but not uniformly equivalent (see [K3, Theorem 8.9 ]), the same problem remains open for embeddings. Precisely, given Banach spaces X and Y , does X coarsely embed into Y if and only if X uniformly embeds into Y ? It is not even known whether the coarse embeddability of X into Y would be strong enough to give us that B X uniformly embeds into Y . In the remainder of this section, we use Theorem 3.1 to prove a result on the uniform embeddability of the ball of a given Banach space into a superstable space (Theorem 3.5).
Let X and Y be Banach spaces and consider a map f : X Ñ Y . For each t ě 0, we define the exact compression modulus of f as
The map f is called almost uncollapsed if there exists some t ą 0 such that ρ f ptq ą 0. This is equivalent to We say that f : X Ñ Y is solvent if for each n P N, there exists R ą 0, such that }x´y} P rR, R`ns implies }f pxq´f pyq} ą n, for all x, y P X. By [Ro, Lemma 60] , a coarse map f : X Ñ Y is solvent if and only if sup tą0 ρ f ptq " 8. It is clear that the condition of a map f : X Ñ Y being almost uncollapsed is a weakening of f having a uniformly continuous inverse, and the condition of f being solvent is a weakening of f being expanding (see Problem 3.7 below for more on that). We refer to [Ro] and [Br2] for more on almost uncollapsed and solvent maps. Before proving Theorem 3.5, we need the following proposition.
Proposition 3.6. Let X and Y be Banach spaces and f : X Ñ Y be a solvent map such that }f pxq´f pyq} " }f px´yq} for all x, y P X. Then, for every norm-bounded subset B Ď X, f ae B has a Lipschitz inverse.
Proof. First notice that, }f pxq} " }f pxq´f p0q} " }f p0q´f pxq} " }f p´xq}, for all x P X. Therefore, }f pmxq} " }f ppm´1qxq´f p´xq} ď }f ppm´1qxq}`}f pxq}, for all x P X, and all m P N. So, }f pmxq} ď m¨}f pxq}, for all x P X, and all m P N. Let N P N be such that B Ď N¨B X . As f is solvent, we can find n, R ą 2N such that }x} P rR, R`ns implies }f pxq} ą n (indeed, choose R 1 as in the definition for 4N`2, and then let n " 2N`1 and R " R 1`2 N`1). By our choice of n and R, for each x P 2N¨B X we can pick m x P N such that }m x x} P rR, R`ns. Hence,
for all x P 2N¨B X . This gives us that }f pxq´f pyq} ě n R`n }x´y}, for all x, y P B.
Proof of Theorem 3.5. If X maps into a superstable space by a uniformly continuous almost uncollapsed map, then, by [Ro, Proposition 63] , X maps into a superstable space by a map which is both uniformly continuous and solvent. Hence, by Remark 3.4, X maps into a superstable space Y by a uniformly continuous solvent map F such that }F pxq´F pyq} " }F px´yq}, for all x, y P X. By Proposition 3.6, F ae BX has a Lipschitz inverse. In particular, B X uniformly embeds into a superstable space.
As we mentioned before, it remains open whether coarse and uniform embeddability are equivalent in the context of Banach spaces. However, much more remains unknown regarding embeddability between Banach spaces. Precisely, the following is open (see [Br2] for more on that). Following Raynaud, our strategy for proving Theorem 1.4 is to first make an appropriate definition for the type space of a Banach space coarsely embeddable into a superstable Banach space. This type space needs to have certain compactness properties and needs to be able to not only reflect the metric structure of the Banach space, but also the algebraic structure. Using compactness and methods commonly employed in the proof of Krivine's theorem, we'll be able to show the existence of a type that satisfies a nice ℓ p -inequality, and then push this back down onto the Banach space.
To motivate the definition of the type space, first consider a general metric space pM, dq. One may ask whether M can be compactified in a way that preserves the metric structure on M . That is, under what conditions will there exist a compact metrizable space T such that M homeomorphically maps onto a dense subset of T ? Separability is certainly a necessary condition, and given that Lip 1 pM q (the space of all real-valued Lipschitz functions over M with Lipschitz constant less than or equal to 1) is metrizable and closed in R M under the pointwise-convergence topology when M is separable, a natural σ-locally compact metrizable T that contains a dense homeomorphic copy of M is the closure of txu xPM in R M , where x is defined for all x P M by xpyq " dpx, yq for all y P M . If d is a bounded metric, then T is in fact compact, and since every metric is topologically equivalent to a bounded metric, separability is also a sufficient condition.
Supposing now that M is a vector space, and lim nÑ8 x n , lim nÑ8 y n both exist, one may further ask under what conditions do lim nÑ8 px n`yn q and lim nÑ8 pαx n q exist, where α is some scalar. Stability of d is enough to show the existence of lim mÑ8 lim nÑ8 x n pz´y m q for any z P M , and if d is also translation-invariant, this means lim nÑ8 px n`yn q exists after taking an appropriate subsequence. If d is induced by a norm then lim nÑ8 pαx n q certainly exists since pαx m qpyq " |α|x n py{αq. Otherwise, a slight modification needs to be made to T . One must now account for scalars by defining T to be a subset of R FˆM , where F is the field of scalars and xpλ, yq " dpλx, yq for all pλ, yq P FˆM . Now, in this setting, lim nÑ8 pαx n q exists since pαx n qpλ, yq " x n pλα, yq. With these ideas in mind, we are now ready to explicitly define the type space we need. For a more complete discussion of some of the ideas above, see [G] .
From now on, we consider a separable infinite-dimensional Banach space pX, }¨}q which admits a translation-invariant stable pseudometric d coarsely equivalent to the metric induced by }¨}, and the corresponding identity map Id : pX, }¨}q Ñ pX, dq. By Corollary 3.2, such d exists as long as X coarsely embeds into a superstable space.
Remark 4.1. Notice that, by Remark 3.3, we can actually assume that d is a metric. However, in order to obtain the isomorphism constant in Remark 8.4 below, we need to work with d being the pseudometric given by Corollary 3.2.
Remark 4.2. Our definition of the type space will be similar to Raynaud's, with a few changes to the proofs resulting from having a metric that is coarsely equivalent rather than uniformly equivalent to the metric induced by the norm on X. Note in particular that, in our case, a sequence may be dense in pX, }¨}q while not being dense in pX, dq. Thus, in order to have metrizability, we must use a countable subset of X to define the type space.
Let ∆ be a countable }¨}-dense Q-vector subspace of X. Given x P ∆, define the function x P R Qˆ∆ by xpλ, yq " dpλx, yq for all pλ, yq P Qˆ∆. The space of types on p∆, dae ∆ˆ∆ q, which we denote by T , is defined to be the closure of txu xP∆ in R Qˆ∆ (with the topology of pointwise convergence). An element σ of T is called a type, and is called a realized type if σ " x for some x P ∆, in which case σ is also called the type realized by x. The type 0 is called the null or trivial type.
Note that the countability of Qˆ∆ implies that T is metrizable, and so every σ P T can be expressed as lim nÑ8 x n for some sequence px n q 8 n"1 in ∆. Such a sequence is called a defining sequence for σ. Note also that in this case σpλ, xq " lim n,U dpλx n , xq for every pλ, xq P Qˆ∆ and every nonprincipal ultrafilter U over N. In particular, lim nÑ8 dpx n , 0q exists, and so px n q 8 n"1 is a d-bounded (and therefore also }¨}-bounded) sequence in ∆.
For every M P R`, we let T M " tσ P T | σp1, 0q ď M u. We will need the following lemma.
Proof. Say σ P T M , and px n q 8 n"1 is a defining sequence for σ. As lim nÑ8 dpx n , 0q " σp1, 0q ď M , we may suppose that the defining sequence for σ is contained in the d-ball of radius M`1 around 0. As Id : pX, }¨}q Ñ pX, dq is expanding, there exists R ă 8 such that t ď R whenever ρ Id ptq ď M`1. Then, since ρ Id p}x n }q ď dpx n , 0q ď M`1 for every n P N, we have σpλ, xq " lim n dpλx n , xq ď lim n pdpλx n , 0q`dp0, xqq ď ω Id p|λ|Rq`dp0, xq for all pλ, xq P Qˆ∆. That is, we have
r0, ωp|λ|Rq`dpx, 0qs, since σ P T M was arbitrary. By Tychonoff's theorem and the fact that T M is closed, we are finished.
Corollary 4.4. The metric space T is σ-locally compact.
The next lemma will allow us to define analogues of scalar multiplication and vector addition in the type space, capturing some of the algebraic structure of X. (ii) The limits lim n lim m pw n`ym q and lim n lim m px n`zm q exist and are equal.
Proof. Item (i) follows immediately from the definitions. By a straightforward argument using the translation-invariance and stability of d, item (ii) also follows. Definition 4.6. Let σ, τ P T and let px n q 8 n"1 , py m q 8 m"1 be any defining sequences for σ and τ , respectively. We define the dilation operation on T by pα, σq P QˆT Þ Ñ α¨σ P T , where α¨σ :" lim n pαx n q. We define the convolution operation on T by pσ, τ q P TˆT Þ Ñ σ˚τ P T , where σ˚τ :" lim n lim m px n`ym q. By Lemma 4.5, both dilation and convolution are well-defined. For pσ j q k j"1 Ď T , we define˚k j"1 σ j in the obvious way, and we allow dilation to bind more strongly than convolution in our notation, i.e., we write α¨σ˚τ to mean pα¨σq˚τ .
It follows easily from the definitions that, given σ P T and a defining sequence px n q 8 n"1 for σ, we have α¨σpλ, xq " σpλα, xq for every pλ, xq P Qˆ∆ and σ˚τ " lim nÑ8 x n˚τ for every τ P T . Furthermore, using the translation-invariance and stability of d, it is easily shown that convolution is associative and commutative, and that dilation distributes over convolution. We now prove some continuity properties of our dilation and convolution maps. Proof. Fix α P Q and suppose pσ n q 8 n"1 is a sequence in T converging to σ P T . Then α¨σpλ, xq " σpλα, xq " lim nÑ8 σ n pλα, xq " lim nÑ8 α¨σ n pλ, xq for all pλ, xq P Qˆ∆. Thus α¨σ " lim nÑ8 α¨σ n . This was for an arbitrary converging sequence in T , so dilation is right continuous.
Lemma 4.8. Convolution is a separately continuous map from TˆT to T .
Proof. Let D be a metric compatible with the topology on T . Fix τ P T and suppose pσ n q 8 n"1 is a sequence in T converging to σ P T . For each n P N, let px n,m q 8 m"1 be a defining sequence for σ n , and let m n P N be such that Dpσ n , x n,mn q ă 1 n and Dpx n,mn˚τ , σ n˚τ q ă 1 n . Then px n,mn q 8 n"1 is a defining sequence for σ by the triangle inequality; and so, again by triangle inequality, σ˚τ " lim n σ n˚τ . This was for an arbitrary converging sequence in T , so convolution (which is commutative) is separately continuous. Proof. Given pλ, xq P Qˆ∆, let Φ λ,x : TˆT Ñ R be defined by Φ λ,x pσ, τ q " σ˚τ pλ, xq for all σ, τ P T . Choose a compatible metric D for the topology on T and note that there is δ ą 0 such that Dpσ, τ q ě δ whenever |σp1, 0q´τ p1, 0q| is large enough. Now, by Lemma 4.8 and the topology on T , Φ λ,x is separately continuous; and by Lemma 4.3, T M is compact for every M P R`. Thus; applying Lemma 2.1 with
M"0 , and with δ as above in the statement of Lemma 2.1; we have that Φ λ,x is the pointwise limit of a sequence of continuous functions, and is therefore Baire class 1. As this is true for any pλ, xq P Qˆ∆, convolution is itself Baire class 1.
The sequence in the statement of our main theorem will be a defining sequence for one of the types in T . We will eventually prove an inequality for the type and then show that a similar inequality holds for the spreading model associated with the sequence, but first we need to know under what circumstances a type's defining sequence even has a spreading model. We already know that a defining sequence px n q 8 n"1 for a type σ is bounded in norm, but we want to put a condition on σ that guarantees px n q 8 n"1 is eventually bounded away from zero in norm. This motivates our next definition. Note that if σ is an admissible type and px n q 8 n"1 is a defining sequence for σ, then lim inf n ω Id p}x n }q ě lim n dpx n , 0q " σp1, 0q ą inf tą0 ω Id ptq. Thus, since ω Id is an increasing function, we can find δ ą 0 such that px n q 8 n"1 is eventually δ-bounded in norm away from zero. From this point forward, we will let γ " inf tą0 ω Id ptq.
Remark 4.11. If Id : pX, }¨}q Ñ pX, dq is uniformly continuous, then γ " 0. If, in addition, d is a metric, then the inequality in our definition is trivial, and every nontrivial type will be admissible. Given our assumption that d is coarsely equivalent to }¨}, we do not need to place any additional conditions on a type to guarantee its defining sequences to be bounded in norm. Had this not been the case, we would have had to include such a condition in our definition of admissibility. One condition we could use would be to require a type σ to also satisfy the inequality σp1, 0q ă sup tă8 ρ Id ptq (a trivial inequality in our case). In [R] , where the author is concerned with an invariant stable metric d uniformly equivalent to the metric induced by }¨}, the author does exactly this.
At this point, we have established a condition to put on a type to guarantee its defining sequences are bounded in norm and eventually bounded away from zero in norm. In our goal to obtain a spreading model, we now need an extra condition which will guarantee that a type's defining sequences contain no norm-Cauchy subsequences.
Definition 4.12. We say that a type σ is symmetric if σ " p´1q¨σ, i.e., if σpλ, xq " σp´λ, xq, for all pλ, xq P Qˆ∆. Let S " tσ P T | σ is symmetricu and let
Note that by Lemma 4.7, S is closed, and therefore S M is compact for all M P R`. Proposition 4.13. Say σ P T is an admissible symmetric type and px n q 8 n"1 is a defining sequence for σ. Then px n q 8 n"1 has no }¨}-Cauchy subsequence. Proof. Suppose to the contrary, that px n q 8 n"1 has a }¨}-Cauchy subsequence. After taking this subsequence, we can assume that px n q 8 n"1 converges in norm to some x P X. Then, as σ is symmetric, we have that lim inf n dpλx n ,´λx n q " lim inf n´d pλx n ,´λx n q´σpλ,´λx n q`σp´λ,´λx n q"
for all λ P Q. This gives us that ρ Id p}λx}q ď lim inf n ρ Id p2}λx n }q ď 2γ, for all λ P Q. As d is coarsely equivalent to the norm of X, this can only happen if x " 0. But then the admissibility of σ yields γ ă σp1, 0q " lim n dpx n , 0q ď lim inf n ω Id p}x n }q " γ, a contradiction.
Conic classes.
To show the existence of a type that satisfies an ℓ p -inequality, we will use a limiting argument and the existence of a shared point of continuity for every finite combination of convolutions and dilations by a scalar. The definition of conic class below is motivated by the desire to use Lemma 2.2 with the Baire category theorem to find a shared point of continuity, and the need for a minimality argument to make sure this point can be used in the limiting argument.
Definition 5.1. A nonempty subset C of S is called a conic class if (i) C ‰ t0u, (ii) λ¨σ P C for all λ P Q and σ P C, and (iii) σ˚τ P C for all σ, τ P C.
Moreover, C is called admissible if C contains an admissible type, i.e., if there exists σ P C such that σp1, 0q ą γ.
Lemma 5.2. The set S is a closed admissible conic class.
Proof. That S is closed follows from Lemma 4.7. The properties (ii) and (iii) follow easily from the definitions of dilation and convolution and from the invariance of d. All that remains is to show that there is an admissible (and therefore nontrivial) type σ in S. Let R ă 8 be such that ρ Id ptq ą γ whenever t ě R. By the infinitedimensionality of X, there is a bounded R-separated sequence px n q 8 n"1 in pX, }¨}q. After possibly taking a subsequence, we may suppose that px n q 8 n"1 is a defining sequence for some σ P T . In this case,
That is, the symmetric type σ˚p´1q¨σ is admissible. Therefore S is a closed admissible conic class. Now that the existence of a closed admissible conic class has been shown, we will show the existence of one that is minimal (with respect to set inclusion), using the following lemma.
Lemma 5.3. Let σ be an admissible type. Given any 0 ď r 1 ă r 2 , there is α P Qs uch that ρ Id pr 1 q ď α¨σp1, 0q ď ω Id pr 2 q.
Proof. Let px n q 8 n"1 be a defining sequence for σ. The admissibility of σ implies that px n q 8 n"1 is a }¨}-bounded sequence which is eventually }¨}-bounded away from 0. Thus, we may suppose after possibly taking a subsequence that lim n }x n } exists and is nonzero. Let α P Q`be such that lim n }αx n } P rr 1 , r 2 s. As α¨σp1, 0q " lim n dpαx n , 0q, we then have ρ Id pr 1 q ď α¨σp1, 0q ď ω Id pr 2 q.
Proposition 5.4. Every closed admissible conic class contains a minimal closed admissible conic class.
Proof. Fix a closed admissible conic class C. Let F be the family of closed admissible conic classes contained in C ordered by reverse set inclusion and let tC i u iPI be some chain in F .
Claim:
Ş iPI C i is a closed admissible conic class.
Certainly, Ş iPI C i Ď S is closed and satisfies conditions (ii) and (iii) in the definition of conic class. So we only need to show that Ş iPI C i contains an admissible type. For that, fix R ă 8 such that ρ Id ptq ą γ whenever t ě R and let B i " C i X pT ω Id pR`1q zintT ρ Id pRfor all i P I. By Lemma 4.3, B i is compact. Given i P I, let σ i P C i be admissible. By the previous lemma, there is α i P Q`such that α i¨σi P B i , so B i is nonempty. Hence, tB i u iPI is a family of compact sets with the finite intersection property, which gives us that
can only contain admissible types, hence Ş iPI C i contains an admissible type, and the claim is proved.
As Ş iPI C i is a closed admissible conic class, it is an upper bound for the chain tC i u iPI in F . By Zorn's lemma, F has a maximal element. That is, C contains a minimal closed admissible conic class.
We come now to the main result of this section. For Raynaud, it was enough to show that the maps σ Þ Ñ σ˚α¨σ, where α is any scalar, share a point of continuity. He then uses this to show σ˚α¨σ " p1`|α| p q 1{p¨σ for some p P r1, 8q. With this equality, one may then easily show that for any finite sequence of scalars α " pα j q N j"1 , one has˚N j"1 α j¨σ " }α} p¨σ . In our case however, we will only be able to show that given any pt m q 8 m"1 Ď Q converging to }α} p and pλ, xq P Qˆ∆, lim sup m |˚N j"1 α j¨σ pλ, xq´t m¨σ pλ, xq| ď L, for some constant L depending on γ. The next lemma will allow us to make sure L does not depend on the length of α.
Lemma 5.5. Let C be a closed admissible conic class. Then there is an admissible φ P C such that φ is a common point of continuity for the family of functions
Proof. By Lemma 2.2 and Corollary 4.9 (with X " C and F " tσ Þ Ñ α¨σ˚βσ | α, β P Qu), there is a comeager G δ subset E of C such that g is continuous on E for all g P tσ Þ Ñ˚n j"1 α j¨σ | α P Q ăN u Ď C C . But C is closed, and so is locally compact, by Corollary 4.4. Therefore E is dense in C, by the Baire category theorem, and the statement follows by the admissibility of C.
Model associated to an admissible symmetric type.
Let σ be an admissible symmetric type and px n q 8 n"1 be a defining sequence for σ. Then the sequence px n q 8 n"1 is bounded, and by Proposition 4.13, has no }¨}-Cauchy subsequence. Thus, given a nonprincipal ultrafilter U on N, we may define a spreading sequence pζ n q 8 n"1 and a spreading model S " X ' spantζ n | n P Nu associated to px n q 8 n"1 and U as in Subsection 2.1. As in Subsection 2.1, we let pξ n q 8 n"1 be given by ξ n " ζ 2n´1´ζ2n , for all n P N. Let τ " σ˚p´1q¨σ. As σ " lim n x n , we may assume after taking a subsequence that τ " lim n y n where y n " x 2n´1´x2n . As px n q 8 n"1 has no }¨}-Cauchy subsequence, we may further assume after taking another subsequence that inf n‰m }x n´xm } ą 0. As τ p1, 0q " lim n dpy n , 0q ě ρ Id pinf n‰m }x n´xm }q, by dilating σ, we can also assume that τ is an admissible type. It is clear that pξ n q 8 n"1 is the spreading model of py n q 8 n"1 for the ultrafilter U. From this point forward, we fix a minimal closed admissible conic class C and an admissible φ P C that is a common point of continuity for the family of functions F " tσ Þ Ñ˚n j"1 α j¨σ | n P N, α P Q n u Ď C C such that ψ " φ˚p´1q¨φ is admissible (this is possible by Lemma 5.5). We also fix a defining sequence px n q 8 n"1 for φ with unique (see Section 2.1) spreading model pS, |||¨|||q such that y n " x 2n´1´x2n is a defining sequence for ψ. We will let pζ n q 8 n"1 be the spreading sequence associated with S and ξ n " ζ 2n´1´ζ2n for every n P N. Remark 6.2. Notice that, if u " ř m1 j"1 α j ζ j realizes σ, and v " ř m2 j"m1`1 β j ζ j realizes τ , it follows that u`v realizes σ˚τ . 6.1. Basic properties of |||¨|||. We will now prove some technical lemmas which will be important in the proof of the main theorem of these notes. The main lemma here is Lemma 6.8, which will allow us to derive inequalities involving the type ψ. Lemma 6.3. Say u ‰ v P span Q tζ n | n P Nu realize σ and τ , respectively. Then for every pλ, xq P Qˆ∆, In particular, we have for each δ ą 0 that (i) |||u||| ą δ implies σp1, 0q ě ρ Id pδq, and (ii) σp1, 0q ą ω Id pδq implies |||u||| ě δ. for all ε ą 0. The particular case follows by letting v " 0 and λ " 1.
and extend T α linearly to H. As pξ n q 8 n"1 is 1-spreading, we have that |||T α puq||| ď }α} 1 |||u|||, for all u P H. Hence, we can extend T α to a bounded operator T α : H Ñ H. If α " pα 1 q is a sequence of length 1, then T α u is just the scaling of u by α 1 . We also define the function p T α : C Ñ C by letting
Proof. For any k P N,
Therefore T α˝T β " T γ , by linearity and continuity. Similarly,
for all σ P C, and so p
The previous lemma justifies the following definition.
We define α˝k recursively by letting α˝1 " α and α˝k`1 " α˝α˝k for every k P N.
Remark 6.6. Notice that, p T k α " p T α˝k for all α P Q ăN and all k P N.
which realizes the type
Then for every pλ, xq P Qˆ∆, we have thaťˇˇN
Proof. For each m P N, let s m : H Ñ H be the linear map given by s m pξ n q " ξ n`m for each n P N. We construct sequences pu
Clearly, both sequences pu 
Thus, by Lemma 6.3 and the fact that pξ n q 8 n"1 is 1-spreading, we have thaťˇˇN
7. Coarse approximating sequences.
The goal of this section is to show that the type ψ satisfies the conclusion of Proposition 7.7 below. For that, we introduce the notion of coarse approximating sequences.
1 -approximating sequence if there exists a sequence pu n q 8 n"1 Ď H and sequences pu i,n q 8 n"1 Ď H for each 1 ď i ď N such that (i) u n realizes σ n for all n P N, (ii) u i,n is a spreading of u n for each n P N and 1 ď i ď N , and (iii) lim n |||T αi pu n q´β i u i,n ||| " 0 for all 1 ď i ď N . Lemma 7.3. Suppose α P Q ăN , β ě 0, and pu n q
Proof. For k " 1 the result is trivial. Suppose the result holds for some k P N. Let pu 
n ||| " 0, so the result holds for k`1. By induction, we are finished.
With the above lemma and Lemma 6.4, we have the following corollary.
Proof. For those α i 's that are length 1 sequences, the proposition is clear with tβ i u " α i . So suppose for each 1 ď i ď N that α i is a sequence of length at least 2. As the basis pξ n q 8 n"1 of H is 1-unconditional and 1-spreading, we have that }α i } 8 |||u||| ď |||T α i puq||| ď }α i } 1 |||u|||, for all u P H and all 1 ď i ď N . Also, for each 1 ď i ď N , it is clear from the definition of T α i that |||T α i puq´ξ 1 ||| ą 0 for all u P H, and so T αi is not invertible. Hence, the spectrum of T αi has a real non-negative boundary point, and so T αi has a real non-negative approximate eigenvalue for each 1 ď i ď N by [KM, Proposition IV.1] . By Lemma 6.4, T α i commutes with T α j for all 1 ď i, j ď N . Thus, by [BL, Proposition 12.18] , there exists pβ i q N i"1 P R Ǹ and a single normalized sequence pu n q 8 n"1 Ď H such that lim n |||T α i u n´βi u n ||| " 0 for every 1 ď i ď N . As |||u n ||| " 1 for each n P N, the bounds above for |||T αi puq||| yield that β i P r}α i } 8 , }α i } 1 s for each 1 ď i ď N . By density, one may assume that pu n q 8 n"1 Ď H and 1 ď |||u n ||| ď 2 for all n P N. Finally, let δ ą 0 be such that ρ Id pδ{2q ą γ and let σ n be the type realized by δu n for each n P N. The result now follows by letting b 1 " ρ Id pδq and b 2 " ω Id p3δq (see Lemma 6.3).
n"1 be given by Lemma 7.5, so that pσ n q 8 n"1 is a coarse pα i , β i q N i"1 -approximating sequence and b 1 ď σ n p1, 0q ď b 2 for every n P N. LetC be the subset of C consisting of all types of C which are the limit of a coarse pα i , β i q N i"1 -approximating sequence. As T b1, b2 :" tσ P T | b 1 ď σp1, 0q ď b 2 u is compact and metrizable, pσ n q n has a converging subsequence which converges to an element σ P C X T b1,b2 . A subsequence of a coarse pα i , β i q N i"1 -approximating sequence is still a coarse pα i , β i q N i"1 -approximating sequence, so we have thatC ‰ t0u, and in particularC contains an admissible type.
By the minimality of C, it is enough to show thatC is a closed conic class. Suppose σ PC and pσ n q 8 n"1 is a coarse pα i , β i q N i"1 -approximating sequence converging to σ. Then, by Lemma 4.7, λ¨σ is the limit of pλ¨σ n q 8 n"1 , which is easily seen to be a coarse pα i , β i q-approximating sequence for every λ P Q. ThusC is closed under dilation by any λ P Q.
Let D be a metric compatible with the topology of T . Say σ, τ PC and let us show that σ˚τ PC. Let pσ n q 8 n"1 and pτ n q 8 n"1 be coarse pα i , β i q N i"1 -approximating sequences in C converging to σ and τ , respectively. As the convolution is separately continuous, we have lim k σ k˚τ " σ˚τ and, for a fixed k P N, lim n σ k˚τn " σ k˚τ . For each k P N, let npkq ě k be such that 
or all pλ, xq P Qˆ∆. As the sequence pu n q 8 n"1 is bounded (see Lemma 6.3), taking the limit superiors over n and m in the inequality above yields the result.
8. Coarse ℓ p -types and coarse c 0 -types.
In this section, we will define a notion of ℓ p -type and c 0 -type and use Proposition 7.7 in order to show that ψ satisfies this property. Finally, we will show that H is isomorphic to ℓ p for some p P r1, 8q. Definition 8.1. Let p P r1, 8q. We say that ψ is a coarse ℓ p -type if there exists L ą 0 such that, for all pλ, xq P Qˆ∆, and all α " pα i q for all j P t2, 3u, all b P Q, all k P N, and all pλ, xq P Qˆ∆.
Let ℓ, k P N be such that 3 k ď 2 ℓ ă 3 k`1 . As pξ n q 8 n"1 is 1-unconditional, we havěˇˇˇˇˇˇˇˇ3
Let a ℓ P Q be between
As Id : pX, }¨}q Ñ pX, dq is expanding, we can pick µ P Q such that ρ Id pµ{2q ą 2ω Id p1q`γ and η P Q such that ρ Id pη}ξ 1 }{2q ą 2ω Id p1q`γ. Let M P N be such thatˇˇˇµ
and let N ě M be such thaťˇˇη
Then as pµ{a ℓ q¨p ř 3
i"1 ψ, by Lemma 6.3(i), we have that
Therefore, as pµβ
Similarly, by Lemma 6.3(i) and the fact that pηβ Combining Inequalities (8.1) and (8.2), we obtain
The lower bound for β k 3 {β ℓ 2 above does not depend on k and ℓ, as long as 2 ℓ ă 3 k`1 . Similarly, we get a lower bound for β ℓ 2 {β k 3 , which also does not depend on k and ℓ, as long as 3 k ď 2 ℓ . We conclude that there exist a, b ą 0 such that for all k and ℓ,
Therefore, there exists L ě 0 such that β 2 " 2 L , and β 3 " 3 L . Also, as β 2 ď 2, we must have L P r0, 1s. The same argument works for arbitrary n, m P N instead of 2 and 3. Hence, we have β n " n L , for all n P N, where β n is given by Proposition 7.7 for
Case 1: Say L ‰ 0. Then ψ is a coarse ℓ p -type, for p " 1{L.
Fix α " pα i q N i"1 P Q N and a sequence pt m q 8 m"1 Ď Q converging to }α} p . Let ǫ ą 0 and, for each 1 ď j ď N , let r j P Q`be such that ||α j |´r 1{p j | ă ε. Find a common denominator k P N so that for each 1 ď j ď N there is n j P N 0 such that r j " n j {k. Let s ą 0 be a rational number such that |s´p1{kq 1{p | ă ε.
For each 1 ď j ď N , let pβ j,m q Combining the four inequalities above with the triangle inequality, taking a limit superior over m, and letting ǫ Ñ 0, one obtains lim sup mˇN j"1 α j¨ψ pλ, xq´t m¨ψ pλ, xqˇˇď 4γ for all pλ, xq P Qˆ∆. Therefore ψ is a coarse ℓ p -type.
Case 2: Say L " 0. Then ψ is a coarse c 0 -type.
Fix α " pα i q N i"1 P Q N such that α 1 " 1 and α j ď 1 for 2 ď j ď N (the general case will follow by dilation). Using Proposition 7.7, find β ě 1 and a nonzero increasing sequence pβ m q
We can now prove the following. Proof. Say ψ P T is a coarse ℓ p -type for some p P r1, 8q (the c 0 case will be analogous). Say L ą 0 is such that, for any pα j q Let pe n q 8 n"1 be the standard basis of ℓ p , and let Y " spante n | n P Nu. Let us show that the map T : Y Ñ spantξ n | n P Nu defined by sending e n to ξ n {|||ξ 1 ||| for each n P N and extending linearly is an isomorphism. Hence, T extends to an isomorphism between ℓ p and spantξ n | n P Nu, and we are done.
We first show that T is bounded. Fix a small ε ą 0 and let b P Q be such that 1{|||ξ 1 ||| ă b ă 1{|||ξ 1 |||`ε. For each α " pα i q Proof. By Corollary 3.2, if X coarsely embeds into a superstable space Y , there exists a translation-invariant stable pseudometric d on X which is coarsely equivalent to the metric induced by the norm of X. Hence, we can define the type space T as in Section 4. By Proposition 5.4, there exists a minimal closed admissible conic class C. Let φ P C be given by Lemma 5.5. Without loss of generality, ψ " φ˚p´1q¨φ is admissible. By Proposition 8.2, ψ is either a c 0 -type or an ℓ p -type, for some p P r1, 8q. Hence, by Proposition 8.3, X has a spreading model isomorphic to either ℓ p for some p P r1, 8q or to c 0 .
Assume that X has a spreading model isomorphic to c 0 . In particular, c 0 is finitely represented in X. Hence, c 0 (isometrically) isomorphically embeds into an ultrapower of X. As ultrapowers of X coarsely embed into ultrapowers of Y , this gives us that c 0 coarsely embeds into an ultrapower of Y , which is a stable space. By [K, Theorem 2 .1], stable spaces coarsely embed into reflexive spaces. Therefore, c 0 coarsely embeds into a reflexive space. By [K, Theorem 3.6] , this cannot happen, so we have a contradiction. Therefore, X contains a spreading model isomorphic to ℓ p , for some p P r1, 8q.
Let px n q 8 n"1 be a bounded sequence in X without Cauchy subsequences whose spreading model is isomorphic to ℓ p . Let us observe now that px n q 8 n"1 can be assumed to be a basic sequence. By Rosenthal's ℓ 1 -Theorem, either px n q 8 n"1 has a subsequence which is equivalent to the basis of ℓ 1 , or it has a weakly Cauchy subsequence. Assume that px n q 8 n"1 is weakly Cauchy. Then py n q 8 n"1 is weakly null and it has a spreading model isomorphic to ℓ p , where y n " x n´xn`1 , for all n P N. Hence, by taking a subsequence, we can assume that py n q for the Banach-Mazur distance between ℓ p and the spreading model associated to py n q 8 n"1 . This is the best the authors have been able to obtain using the methods of Raynaud. Proof. This follows from the fact that the original Tsirelson space (see [T] ) does not have a spreading model isomorphic to ℓ p for any p P r1, 8q.
Remark 8.5. Another example of a reflexive Banach space that does not coarsely embed into any superstable space is the space constructed by Odell and Schlumprecht in [OS] . Indeed, this follows from Theorem 1.4 and the fact that every spreading model of their space contains neither a subspace isomorphic to c 0 nor to ℓ p (see [OS, Theorem 1.4 
]).
As mentioned in the introduction, our work is not enough to solve Problem 1.3. The following is a natural approach to give a negative answer to Problem 1.3, given Theorem 1.4. Problem 8.6. Let T be the Tsirelson space defined in [FJ] , i.e., the dual of the original space of Tsirelson defined in [T] . Does T or T ppq (i.e., the p-convexification of T ) for some p P r1, 8q coarsely embed into a superstable Banach space?
